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Abstract:
Alcohol based biofuels, such as bio-butanol, have considerable potential to reduce the demand for petrochem-
ical fuels. However, one of the main obstacles to the commercial development of biological based production
processes of biofuels is end-product toxicity to the biocatalyst. We investigate the effect of end-product toxicity
upon the steady-state production of a biofuel produced through the growth of microorganisms in a continuous
flow bioreactor. The novelty of the model formulation is that the product is assumed to be toxic to the biomass.
The increase in the per-capita decay rate due to the presence of the product is assumed to be proportional to
the the concentration of the product. The steady-state solutions for the model are obtained, and their stability
determined as a function of the residence time. These solutions are used to investigate how the maximum yield
and the reactor productivity depend upon system parameters. Unlike systems which do not exhibit toxicity
there is a value of the feed concentration which maximises the product yield. The maximum reactor produc-
tivity is shown to be a sharply decreasing function of both the feed concentration and the toxicity parameter.
In conclusion, alternative reactor configurations are required to reduce the effects of highly toxic products.
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1 Introduction
There has been ongoing interest in recent decades in the production of biofuels from renewable biomass. As
plant biomass is both abundant and renewable, energy generated from it provides an environmentally friendly
mechanism to reduce reliance upon the use of gasoline, diesel and aviation fuels derived from petrochemicals
[1, 11]. In some applications biofuels have the potential to completely replace existing petroleum fuels whilst
in others they may reduce demand by blending. The range of fuels that can currently be made biologically
includes acetone, biodiesel, 𝑛-butanol, ethanol, hydrogen, methane, and methanol [1].
The fermentation of biomass is a promising route to either directly obtain fuels, such as bio-alcohols, or to
obtain precursor chemicals which can then be chemically converted to fuels after additional processing steps.
An example of a biologically obtained precursor is monoterpene, which upon hydrogenation gives saturated
paraffins which can be used as the light-fraction components of jet fuels. A formidable hurdle to that must be
overcome in the microbial synthesis of most biofuels is end-product toxicity which adversely effects production
parameters such as rate, titer, and yield [5, 6]. Indeed, production of many biofuels and precursor compounds
will remain commercially unviable until the problem of end-product toxicity is overcome.
Examples of processes subject to end-product toxicity include the microbial production of butanol [4–12]
and monoterpene [2, 3]. In both cases the products are highly toxic to all current biocatalysts. Incidentally, bio-
butanol is by no means a ‘new’ fuel as it has been almost continuous production through the ABE fermentation
process since 1916 [1].
Here the effect of product toxicity upon the yield and productivity for a biologically controlled process being
carried out in a continuously stirred tank reactor are investigated. We extend the standard biochemical model
by including the effect of product toxicity. It is assumed that product toxicity increases the specific decay rate of
the microorganisms. This is achieved by adding a term that is linear in the product concentration to the specific
decay rate. This is the simplest model for product toxicity.
Two ways to measure the performance of a biological reactor are to determine the yield of the performance
and/or the maximum reactor productivity. In a continuously stirred biological reactor the yield is the con-
centration of the product in the stream leaving the reactor divided by the concentration of feed in the stream
entering the reactor. The reactor productivity is the concentration of the product in the exit stream multiplied
by the flow rate. This is the mass of product leaving the reactor per unit time. We use our steady-state results
Mark Ian Nelson is the corresponding author.
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Ian Nelson DE GRUYTER
to investigate how these characterisations depend upon the degree of product toxicity and the concentration of
the feed.
By the end of this paper we demonstrate that highly toxic products lead to significant decreases in yield and
reactor productivity compared against equivalent systems with no toxicity. Thus, conventional reactor config-
urations must be adapted to reduce the toxicity of the environment faced by biocatalysts.
2 Equations
In this section we write down the model equations for the concentration of microorganisms, substrate and
product within bioreactor. A generalised bioreactor model is used in which the parameter 𝛽, eq. (2), defines the
reactor model. Values of 𝛽 over the range 0 ≤ 𝛽 ≤ 1 give different reactor configurations [10]. Figure 1 provides
an elementary schematic flow diagram of the reactor geometry.
In practice microbial fermentation produces a range of products. For example, although the main product
from the fermentation of C. acetobutylicum ATCC 824 is butanol, ethanol and acetone are also produced [12]. In
principle all end-products could contribute to the overall solvent stress experience by the microorganism. We
simplify matters by assuming that only the main product is the cause of end-product toxicity.
2.1 The dimensional model





























The nomenclature is defined in Appendix C.
Note that the product toxicity is modelled by the term −𝑘𝑝𝑋𝑃 in eq. (2). When 𝑘𝑝 = 0 the system eqs (1)–(3)
reduces to a simple cellmass-substrate system where the growth kinetics are Monod [9].
In eqs (1)–(3) the main experimental control parameter is the residence time (𝜏).





2.1.1 The dimensionless model





































































where the parameter groups are defined in Appendix C. The standard cellmass-substrate model with Monod
growth kinetics is obtained in the limit as 𝑘∗𝑝 approaches zero.




2.2 Reduction to a planar system
The scaled system eqs (5)–(7) consists of three non-linear differential equations.
By adding eqs (5) and (7) we find that in the limit of large dimensionless time
𝑃∗ = 𝑆∗0 − 𝑆∗.














(𝑋∗0 − 𝑋∗) +
𝑆∗𝑋∗
1 + 𝑆∗
− [(𝑆∗0 − 𝑆∗) 𝑘∗𝑝 + 𝑘∗𝑑] 𝑋
∗. (9)
This reduction arises as a consequence of the biochemistry. Product is only produced by a single biochemi-
cal mechanism: consumption of the substrate by the micro-organisms. Substrate is only removed by a single
biochemical mechanism: consumption by micro-organisms. It follows that the product concentration can be es-
timated by measuring the difference between the concentration of substrate in the feed and in the exit stream.
3 Results
3.1 Global results
In Appendix A we show that the region
0 ≤ 𝑆∗ ≤ 𝑆∗0 ,




0 ≤ 𝑃∗ ≤ 𝑆∗0 − 𝑆∗.
is positively invariant.
Furthermore, we also establish that this region is ‘attracting’ for any physically meaningful initial condition,
i.e. the solution corresponding to any non-negative initial coordinates outside the invariant region eventually
enters the invariant region.
Using Dulac’s test [8] it is possible to show that the system eqs (8) and (9) can not have limit-cycles. This is
achieved using the test function 𝜌 = 𝑋−1.
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3.2 Steady-state solution branches
The steady-state solution branches consists of a
washout branch
(𝑆∗, 𝑋∗) = (𝑆∗0 , 0). (10)
and a no-washout branch
(𝑆∗, 𝑋∗) = ⎛⎜⎜
⎝
̂𝑆∗,





The steady-state substrate concentration along the no-washout branch ( ̂𝑆∗) solves the quadratic equation
𝒢 ( ̂𝑆∗) = 𝑎 ̂𝑆∗2 + 𝑏 ̂𝑆∗ + 𝑐 = 0, (12)
𝑎 = 𝑘∗𝑝𝜏∗,
𝑏 = [(1 − 𝑆∗0) 𝑘∗𝑝 + (1 − 𝑘∗𝑑)] 𝜏
∗ − 𝛽,
𝑐 = − [(𝑘∗𝑑 + 𝑘
∗
𝑝𝑆∗0) 𝜏∗ + 𝛽] .
Equation (12) has one positive and one negative root. The physically meaningful root is
̂𝑆∗ = −𝑏+√𝑏2−4𝑎𝑐
2𝑎 . (13)
The primary focus of our work is to investigate how the degree of product toxicity, given by the value of the
parameter 𝑘∗𝑝, effects the steady-state substrate concentration, given by eq. (13).






0, 𝛽 = 0,
𝛽
2𝑘𝑝𝜏∗
2 [ 𝑏√𝑏2−4𝑎𝑐 − 1 −
2𝑘∗𝑝𝜏∗
√𝑏2−4𝑎𝑐
] < 0, 0 < 𝛽 ≤ 1
(14)
When 𝛽 = 0 (an idealised membrane bioreactor [9]), neither the substrate concentration nor the product concen-
tration depend upon the residence time. When 0 < 𝛽 ≤ 1 the the concentration of substrate and product within
the bioreactor decrease and increase respectively as the value of the residence time is increased. Consequently,
both the product concentration and the yield are maximised at an infinite residence time.
The no-washout branch is only physically meaningful all concentrations are positive. We have already es-
tablished that ̂𝑆∗ > 0. From eq. (11) we require ̂𝑆∗ < 𝑆∗0 . This condition is met when
𝜏∗ > 𝜏∗cr =
(1 + 𝑆∗0) 𝛽
𝑆∗0 (1 − 𝑘∗𝑑) − 𝑘
∗
𝑑




When 𝜏∗ = 𝜏∗cr the two solution branches intersect at a transcritical bifurcation.
3.3 Stability of the steady-state solutions
3.3.1 Stability of the washout solution
Along the washout steady-state solution the Jacobian matrix is







































































then the washout branch is always locally stable regardless of the reactor configuration (0 ≤ 𝛽 ≤ 1). In fact, it
can be show that in this case the washout branch is globally stable. As this case is not of practical interest the
proof is not included.





then the washout branch is stable (0 < 𝛽 ≤ 1) when the residence time is sufficiently low,
𝜏∗ < 𝜏∗cr =
(1 + 𝑆∗0) 𝛽




Note that residence time the value for 𝜏∗cr is independent of the dimensionless toxicity parameter (𝑘∗𝑝).
3.3.2 Local stability of the no-washout solution
Along the no-washout solution branch the Jacobian matrix can be written in the form














This solution branch is stable if det 𝐽 > 0 and trace 𝐽 < 0. We have













It therefore follows that det 𝐽 > 0 and trace 𝐽 < 0 whenever 𝑋∗ > 0 and 𝑆∗ > 0. Thus the no-washout branch is
stable whenever it is physically meaningful.
Figure 2 shows how the dimensionless steady-state product concentration (𝑃∗) as a function of the dimen-
sionless residence time. The figure indicates a dramatic decrease in the steady-state product concentration when
𝑘∗𝑝 = 10.
3.4 Small dimensionless product toxicity approximations
For small values of product toxicity coefficient (𝑘∗𝑝 ≪ 1) the no-washout branch solution can be approximated




(1 − 𝑘∗𝑑) 𝜏∗ − 𝛽
− 𝑎1 ⋅ 𝑘∗𝑝 + 𝑂 (𝑘∗
2
𝑝 ) , (17)
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𝑋∗ ≈





[𝛽 − (1 − 𝑘∗𝑑) 𝜏∗] [𝛽 + 𝑘
∗
𝑑𝜏∗]
+ 𝑏1 ⋅ 𝑘∗𝑝 + 𝑂 (𝑘∗
2
𝑝 ) , (18)
𝑎1 =






[(1 − 𝑘∗𝑑) 𝜏∗ − 𝛽]
3 < 0 using inequality (15), (19)
𝑏1 =
−𝜏∗𝑐1𝑐2
[𝛽 − (1 − 𝑘∗𝑑) 𝜏∗]
3 [𝛽 + 𝑘∗𝑑𝜏∗]
2 , (20)





𝑐2 = (𝛽 + 𝑘∗𝑑𝜏
∗)2 + 𝑆∗0 (𝜏∗ − 𝛽)2 + 𝑆∗0𝑘∗𝑑 [𝑘
∗
𝑑𝜏
∗ + 2 (𝛽 − 𝜏∗)] . (22)
Equation (17) indicates the extent to which product toxicity, when the toxicity coefficient is small, increases the
substrate concentration inside the reactor. The corresponding decrease in the product concentration is given by
𝑃∗ = 𝑆∗0 −
𝛽 + 𝑘∗𝑑𝜏
∗
(1 − 𝑘∗𝑑) 𝜏∗ − 𝛽
+ 𝑎1 ⋅ 𝑘∗𝑝.
3.5 Large dimensionless product toxicity approximation
For large values of the product toxicity constant (𝑘∗𝑝 ≫ 1) the no-washout branch solution can be approximated
by an asymptotic solution













2 {− (1 + 𝑆∗0) 𝛽 + [(1 − 𝑘∗𝑑) 𝑆
∗
0 − 𝑘∗𝑑] 𝜏














− (1 − 2𝑘∗𝑑) +
1 − 𝑆∗0
1 + 𝑆∗0
] > 0 using inequality (15). (25)
Equation (23) indicates the extent to which large product toxicity reduces the substrate concentration inside the
reactor. The corresponding product concentration is given by











This shows that for fixed residence time, which is not large compared to the toxicity constant, that the product
concentration is reduced towards zero if the toxicity constant is sufficiently large. Line (d) in Figure 2 illustrates
the reduction in product concentration due to large toxicity.
3.6 Large residence time approximations
In 3.2 we noted that the product concentration (𝑃∗ = 𝑆∗0 − 𝑆∗), is maximised in the limit of infinitely large
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In practice the yield may be close to 100% as 𝑘∗𝑑 ≪ 1.
For comparison with systems exhibiting product toxicity it is instructive to note that when there is no prod-
uct toxicity the maximum yield increases as the feed concentration (𝑆∗0) increases.
It is important to know how the presence of product toxicity changes the maximum obtainable yield. As
this is obtained at infinite values of the residence this question can be investigated by obtaining an asymptotic
approximation along the no-washout solution branch for large values of the residence time. We have
𝑆∗ ≈ 1
2𝑘∗𝑝
[− (1 − 𝑘∗𝑑) + (𝑆
∗























(1 − 𝑘∗𝑑 − 𝑘
∗
𝑝) 𝑘∗𝑑 + 𝑘
∗











+ 𝑂 ( 1
𝜏∗2
) , (28)
𝐴 = (𝑆∗0𝑘∗𝑝 − 1)
2 + 2 (𝑘∗𝑝 − 𝑘∗𝑑) + (𝑘
∗
𝑝 + 𝑘∗𝑑) [(1 + 2𝑆
∗
0) 𝑘∗𝑝 + 𝑘∗𝑑] (29)
We now investigate further the maximum product concentration in the limits of small and large dimensionless
product toxicity.
3.6.1 Small dimensionless product toxicity
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∗
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For small values of the product toxicity we have
𝑃∗ (𝜏∗ = ∞, 𝑘∗𝑝 ≪ 1) = 𝑃∗ (𝜏∗ = ∞, 𝑘∗𝑝 = 0) −







i.e. a small amount of toxicity decreases the maximum product concentration by a small amount.
For large values of the feed concentration the maximum yield no longer approaches 100%, as is the case
when the product is not toxic, but rather the value
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The effect of toxicity upon the maximum product concentration can also be gauged by comparing its value
against that in the absence of toxicity. We have
𝑃∗ (𝜏∗ = ∞, 𝑘∗𝑝 ≪ 1)
𝑃∗ (𝜏∗ = ∞, 𝑘𝑝 = 0)





Thus the proportional reduction in product concentration at high residence times, compared to a system with-
out product inhibition, is independent of the substrate concentration in the feed.
3.6.2 Large dimensionless product toxicity
For large values of the product toxicity parameter we obtain the following approximation along the no-washout
solution branch
𝑆∗ ≈ 𝑆∗0 −
𝑒1
𝑘∗𝑝















For large values of the product toxicity we have




i.e. a large degree of product toxicity has a significant effect on the maximum product concentration. The yield
is now given by
𝑌∗ (𝜏∗ = ∞, 𝑘∗𝑝 ≫ 1, ) ≈
1 − 𝑘∗𝑑
(1 + 𝑆∗0) 𝑘∗𝑝
.
Thus the yield is a decreasing function of the feed concentration.
Comparing the maximum product concentration against that in the absence of toxicity we have for large
values of the feed concentration
𝑃∗ (𝜏∗ = ∞, 𝑘∗𝑝 ≫ 1, 𝑆∗0 ≫ 1)







Thus the proportional reduction in product concentration at high residence times increases as the feed concen-
tration increases.
4 Discussion
The maximum yield and the maximum reactor productivity are key factors in determining whether the produc-
tion of biofuels is commercially viable. In Sections 4.1 and 4.2 we investigate the effect of the toxicity constant
(𝑘∗𝑝) upon the maximum yield and maximum reactor productivity respectively. In particular, for specified op-
erating conditions, we determine the value of the toxicity constant at which the values for the maximum yield
and productivity are 1% of the values in a system without product toxicity.
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4.1 Maximum yield
In 3.6 we obtained an asymptotic formula for the substrate concentration at high residence time, eq. (27). Sim-
plifications of this formula were obtained for the cases of low and high product toxicity, eqs (30) and (30), re-
spectively. These were used to investigate how the product yield varies as a function of the feed concentration
for the two limiting cases.
Figure 3 (a) and (b) show the variation of the maximum product concentration and the maximum yield as
a function of the feed concentration for three values of the toxicity parameter. In all three cases the product
concentration, Figure 3 (a), is an increasing function of the feed concentration. However, the behaviour of the
yield is very different. This increases to a maximum value before decreasing towards zero. Thus the effects of
product toxicity become more pronounced as the feed concentration increases.
In line (a) the yield increases from 87.8%, when 𝑆∗0 = 1, to 91.1%, when 𝑆∗0 = 7. Over this range of feed
concentrations the asymptotic solution for small product toxicity, using eq. (30), is almost indistinguishable
from the exact solution, using eq. (27). The asymptotic and exact formulae eventually diverge, when 𝑆∗0 = 22.1
the exact value of the yield reaches a maximum value, 𝑌max = 97.9%. Thereafter the yield decreases towards
zero.
In line (b) the yield increases to a maximum, 𝑌max = 82.4%, when the feed concentration is 𝑆∗0 = 2.62, and
then decreasing towards zero in the limit that the feed concentration approaches infinity.
In line (c) the yield increases to a barely perceptible maximum, 𝑌max = 53.9%, when the feed concentration
is 𝑆∗0 = 1.003, and then decreasing towards zero in the limit that the feed concentration approaches infinity.
From eq. (27) we deduce that for high values of the feed concentration that the maximum yield is given
𝑌 (𝜏∗ = ∞, 𝑆∗0 ≫ 1) ≈
1−𝑘∗𝑑
𝑘∗𝑝
⋅ 1𝑆∗0 . (34)
This shows that regardless of the toxicity constant the yield asymptotes towards zero at sufficiently high feed
concentrations.













We finish by calculating the value of the toxicity constant (𝑘∗𝑝) required to reduce the value of the yield to 1% of
its value in the absence of product toxicity. For feed concentrations 𝑆∗0 = 1, 𝑆∗0 = 10 and 𝑆∗0 = 100 these values
are 𝑘∗𝑝 = 43.8, 𝑘∗𝑝 = 8.15 and 𝑘∗𝑝 = 0.891 respectively. Thus the larger the feed concentration, the lower the degree
of toxicity required to reduce the yield to 1% of the value in the absence of toxicity.
4.2 Reactor productivity




where 𝑃∗ is the steady-state dimensionless product concentration and 𝜏∗ is the dimensionless residence time.
For sufficiently low values of the dimensionless residence time (𝜏∗ < 𝜏∗tr) only the washout steady-state solution
is stable (𝑃∗ = 0). The reactor productivity is zero in this range. Clearly the reactor productivity decreases
towards zero in the limit of large residence time. Consequently, there exists a value of the residence time which
maximises the productivity. In this section we investigate the effect of product toxicity and feed concentration
upon the maximum reactor productivity.
Figure 4 shows the steady-state reactor productivity as a function of the residence time. Line (a) corresponds
to the case when the product is not toxic (𝑘∗𝑝 = 0) whereas lines (b–d) correspond to increasing product toxicity.
The square box denotes both the location of the maximum reactor productivity. The maximum productivity
decreases as the toxicity parameter increases: it is 81%, 27% and 3.3% of the maximum productivity in the
absence of toxicity in lines (b), (c) and (d) respectively.
To see how the maximum productivity varies as the toxicity parameter is varied we introduce the maximum
relative reactor productivity. For a fixed feed concentration this is the ratio of the maximum reactor productivity
9
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for a given value of the toxicity parameter to the maximum productivity in the absence of toxicity expressed as
a percentage.
Figure 5 shows the maximum relative reactor productivity as a function of the toxicity parameter for three
values of the feed concentration. This value rapidly decreases as either the toxicity constant or the feed con-
centration is increased. The value of the toxicity constant required to reduce the maximum relative reactor
productivity to 1% is: 𝑘∗𝑝 = 34.1 (𝑆∗0 = 1, line a), 𝑘∗𝑝 = 3.54, (𝑆∗0 = 10, line b) and 𝑘∗𝑝 = 0.272 (𝑆∗0 = 100, line c).
Thus as the feed concentration increases, increasingly ‘milder’ toxicity has a pronounced effect on the reactor
productivity.
5 Conclusion
We have extended a commonly used bioprocess engineering model for the production of a chemical by mi-
crobial cells to handle situations in which the microorganism is subject to product toxicity. The motivation for
this work is the end-product toxicity exhibited by certain biofuels, which is restricting their commercial devel-
opment. Product toxicity was modelled by allowing the specific death rate of the microorganism to increase
linearly with the product concentration.
The expression for the no-washout steady-state solution was used to quantify the effect of product toxicity
upon two key reactor outputs: the yield and the maximum reactor productivity. When there is no product
toxicity (𝑘∗𝑝 = 0), the product yield is an increasing function of the feed concentration (𝑆∗0). Increasing the feed
concentration increases the yield. When the product is toxic (𝑘∗𝑝 > 0), there is a value of the feed concentration
that maximises the yield (𝑆∗0 = 𝑆∗0,max). For values of the feed concentration that are higher than this value the
yield is a decreasing function of the feed concentration.
In particular we calculated the values of the toxicity constant at which either the yield or productivity is
reduced to 1% of its value in the absence of product toxicity. We showed that for high concentrations of the
feed, only very small degrees of toxicity are required to reduce the maximum value of the yield to 1% of the
corresponding value in the absence of toxicity.
Product toxicity was modelled as a linear function of the product concentration (𝑘𝑝𝑃). A ‘Monod’-type
expression may be appropriate if the increase in decay rate due to the presence of the product plateaus
(𝜇𝑝𝑃/ (𝐾𝑝 + 𝑃)). Other plausible formulations exist. Thus suggests the need for toxicity studies that quantify
the effect of product concentration upon the specific decay rate.
Successful fermentations to produce biofuels must overcome the limited tolerance of the biomass to the
fermentation product. A variety of techniques have been developed to reduce the effects of end-product toxicity.
These include two-phase solvent extraction expanded bed adsorption extractive fermentation and the use of
polystyrenic resins It is our intention to develop the model analysed here to include these techniques.
Figure 1: Schematic flow diagram for the reactor geometry. A feed containing substrate (𝑆0) flows into the reactor (rate 𝐹)
where micro-organisms (𝑋) grow producing product (𝑃). The vertical line intersecting the effluent stream indicates the
potential use of a membrane or a settling unit to retain micro-organisms within the reactor.
10
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Figure 2: Steady-state diagram showing the variation of dimensionless product concentration (𝑃∗) as a function of the di-
mensionless residence time (𝜏∗). Only physically meaningful solutions are plotted, i.e. the stable solution for sufficiently
low residence times (𝜏∗ < 𝜏∗tr) is the washout branch 𝑃∗ = 0. Parameter values: dimensionless death rate, 𝑘∗𝑑 = 0.1; dimen-
sionless feed concentration, 𝑆∗0 = 1; reactor parameter, 𝛽 = 1. The value of the dimensionless product toxicity constant (𝑘∗𝑝)
is as given.
Figure 3: Variation of maximum product concentration, 𝑃∗ (𝜏∗ = ∞), and maximum yield, 𝑌∗ (𝜏∗ = ∞), as a function of
the feed concentration (𝑆∗0). The values of the toxicity parameter are: 𝑘∗𝑝 = 0.01 (a), 𝑘∗𝑝 = 0.1 (b) and 𝑘∗𝑝 = 0.4 (c). Parameter
value: 𝑘∗𝑑 = 0.1.
11
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Ian Nelson DE GRUYTER
Figure 4: Steady-state diagram showing the variation of dimensionless product productivity (Pr∗) as a function of the
dimensionless residence time (𝜏∗). The boxes denote the location of the maximum productivity. Parameter values as in
Figure 2.
Figure 5: The dimensionless relative reactor productivity as a function of the toxicity parameter for three values of the
feed concentration. Parameter values: (a) 𝑆∗0 = 1, (b) 𝑆∗0 = 10 and (c) 𝑆∗0 = 100. Other parameter values as in Figure 2.
Appendix
A Attracting Region
In this appendix we show that the region 𝑅 is both positively invariant and attracting.
A.1 Solution components may not become negative
We first show that if the initial conditions are non-negative that the solution remains non-negative. In order for





















Note that second of these derivatives shows that the line 𝑋∗ = 0 is itself (positively) invariant.
A.2 The substrate component is bounded





0 − 𝑆∗) , (as 𝑋∗ ≥ 0 and 𝑆∗ ≥ 0).














































DE GRUYTER Ian Nelson
with initial condition 𝑍1 (0) = 𝑆 (0). It follows from the classical scalar comparison theorem for ordinary dif-
ferential equations that 𝑆∗ (𝑡∗) ≤ 𝑍∗ (𝑡∗). Hence




This inequality shows that the region 0 ≤ 𝑆∗ ≤ 𝑆∗0 is invariant, because if the initial condition is within the
invariant region, i.e. 𝑆∗ (0) ≤ 𝑆∗0 , then the solution remains within the invariant region, i.e. 𝑆∗ ≤ 𝑆∗0 . Furthermore,
if the initial condition is outside the invariant region, 𝑆∗ (0) > 𝑆∗0 , then the solution must eventually enter the
invariant region, i.e. 𝑆∗ ≤ 𝑆∗0 .
A.3 The biomass component is bounded








𝜏∗ 𝑍, (as 𝑋
∗ ≥ 0, 𝑃∗ ≥ 0, and 0 ≤ 𝛽 ≤ 1).
Applying the scalar comparison theorem, as in A.2, we have






∗((0) − 𝑋∗ (0))] exp [− 𝛽𝜏∗ 𝑡
∗] .
Combining this result with our earlier bound on the scaled substrate concentration it follows that the region
0 ≤ 𝑆∗ ≤ 𝑆∗0 ,




is bounded and exponentially attracting.
A.4 The product component is bounded









Applying the scalar comparison theorem, as in A.2, we have
𝑍 = 𝑃∗ (𝑡∗) + 𝑆∗ (𝑡∗) = 𝑆∗0 − [𝑆∗0 − 𝑆∗((0) − 𝑃∗ (0)] exp [−
𝑡∗
𝜏∗ ] .
Combining this result with our earlier bound on the scaled substrate concentration it follows that the region
0 ≤ 𝑆∗ ≤ 𝑆∗0 ,
0 ≤ 𝑃∗ ≤ 𝑆∗0 − 𝑆∗
is bounded and exponentially attracting.
Furthermore, taking the limit 𝑡 → ∞ we obtain
𝑃∗ = 𝑆∗0 + 𝑃∗0 − 𝑆∗.
13
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B The optimal value for the feed concentration to maximise the yield
After some algebra we find that
d
d𝑆∗0
𝑌 (𝜏∗ = ∞) = 0, (37)
⇒ 𝒢 (𝑆∗0) = 𝑎1𝑆∗
2
0 + 𝑏1𝑆∗0 + 𝑐1 = 0, (38)
where the coefficients are given by





𝑝 [𝑘∗𝑝 − (1 − 𝑘∗𝑑)] , (40)
𝑐1 = − [(1 + 𝑘∗𝑝 + 𝑘∗𝑑)
2 − 4𝑘∗𝑑] 𝑘
∗
𝑑. (41)
The discriminant of the quadratic eq. (38) is positive
𝑏21 − 4𝑎1𝑐1 = 4𝑘∗𝑑𝑘
∗2




Consequently eq. (38) has two solutions. As the coefficient 𝑎1 is strictly positive we have
𝑆∗0,+ > 𝑆∗0,− (43)
where
𝑆∗0,+ =




−𝑏1 − √𝑏21 − 4𝑎1𝑐1
2𝑎1
. (45)
The condition for the no-washout branch to be physically meaningful, eq. (15), can be written in the equivalent
form
𝑆∗0 > 𝑆∗0,cr =
𝑘∗𝑑
1−𝑘∗𝑑
, 0 < 𝑘∗𝑑 < 1. (46)
We demonstrate that the solution 𝑆∗0,− is not physically meaningful because
















, as 0 < 𝑘∗𝑑 < 1 and 𝑘
∗
𝑝 > 0, (49)
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= 𝑆∗0,cr. (50)
It similarly follows that
𝑆∗0,+ > 𝑆∗0,cr. (51)













𝐷 Specific decay rate. (hr−1)
𝐹 Flowrate through the bioreactor. (dm3 hr−1)
𝒢 Singularity equation. (—)
𝐽 Jacobian matrix. (—)
𝐾𝑠 Monod constant. (g dm−3)
𝑃 Product concentration within the bioreactor. (g dm−3)
𝑃∗ Dimensionless product concentration. (—)
𝑃∗ = 𝛼𝑝𝑃/ (𝛼𝑠𝐾𝑠)
𝑃∗ (0) The scaled product concentration inside the reactor at time 𝑡∗ = 0. (—)




𝑆 Substrate concentration within the bioreactor. (g dm−3)
𝑆∗ Dimensionless substrate concentration. (—)
𝑆∗ = 𝑆/𝐾𝑠
̂𝑆∗ The dimensionless substrate concentration along the no-washout
solution branch.
(—)
𝑆∗ (0) The scaled substrate concentration inside the reactor at time 𝑡∗ = 0. (—)
𝑆0 Substrate concentration in the feed (𝑆0 > 0). (g dm−3)
𝑆∗0 Dimensionless substrate concentration in the feed (𝑆∗0 > 0). (—)
𝑆∗0 = 𝑆0/𝐾𝑠




𝑆∗0,max The value of the feed concentration which maximises the yield. (—)
Defined by eq. (35).
𝑉 Volume of the bioreactor. (dm3)
𝑋 Concentration of microorganisms within the bioreactor. (g dm−3)
𝑋∗ Dimensionless microorganism concentration. (—)








𝑘𝑑 Decay coefficient, representing a combination of endogenous
respiration,
(hr−1)
predation, and cell death followed by subsequent lysis 𝑘∗𝑑 > 0.
𝑘∗𝑑 Dimensionless decay coefficient (𝑘
∗
𝑑 > 0). (—)
𝑘∗𝑑 = 𝑘𝑑/𝜇𝑚
𝑘𝑝 Product toxicity constant. (hr−1g−1dm3)
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𝛼𝑝 Product yield factor, the ratio of the weight of product produced to the (—)
weight of substrate consumed.
𝛼𝑠 Substrate yield factor, the ratio of the weight of product produced to
the
(–)
weight of substrate consumed.
𝛽 Reactor parameter model. (—)
𝜇 (𝑆) Specific growth rate model. (hr−1)
𝜇𝑚 Maximum specific growth rate. (hr−1)
𝜏 residence time (𝜏 > 0). (hr)
𝜏 = 𝑉/𝐹
𝜏∗ Dimensionless residence time (𝜏∗ > 0). (—)
𝜏∗ = 𝑉𝜇𝑚/𝐹




[1] Antoni D, Zverlov V, Schwarz W. Biofuels from microbes. Appl Microbiol Biotechnol. 2007;77:23–35.
[2] Brennan T, Krömer J, Nielsen L. Physiological and transcriptional responses of Saccharomyces cerevisiae to d- limonene show changes to the
cell wall but not to the plasma membrane. Appl Environ Microbiol. 2013;79:3590–3600.
[3] Brennan T, Turner C, Krömer J, Nielsen L. Alleviating monoterpene toxicity using a two-phase extractive fermentation for the bioproduc-
tion of jet fuel mixtures in Saccharomyces cerevisiae. Biotechnol Bioeng. 2012;109:2513–2522.
[4] Dhamole P, Wang Z, Liu Y, Wang B, Fend H. Extractive fermentation with non-ionic surfactants to enhance butanol production. Biomass
Bioenergy. 2012;40:112–119.
[5] Dunlop M. Engineering microbes for tolerance to next-generation biofuels. Biotechnol Biofuels. 2011;4:Article 32.
[6] Fischer C, Klein-Marcuschamer D, Stephanopoulos G. Selection and optimization of microbial hosts for biofuels production. Metabolic
Eng. 2008;10:295–304.
[7] Ghiaci P, Norbeck J, Larsson C. Physiological adaptations of Saccharomyces cerevisiae evolved for improved butanol tolerance. Biotechnol
Biofuels. 2013;6:Article 101.
[8] Jordan D, Smith P. Nonlinear ordinary differential equations, Oxford Applied Mathematics and Computing Series. Oxford: Clarendon
Press, 1989.
[9] Nelson M, Kerr T, Chen X. A fundamental analysis of continuous flow bioreactor and membrane reactor models with death and mainte-
nance included. Asia Pacific J Chem Eng. 2008;3:70–80. DOI: 10.1002/apj.106.
[10] Nelson M, Lim W. A fundamental analysis of continuous flow bioreactor and membrane reactor models with non-competitive product
inhibition. II. Exponential inhibition. Asia-Pacific J Chem Eng. 2012;7:24–32. DOI: 10.1002/apj.485.
[11] Wackett L. Engineering microbes to produce biofuels. Current Opinion Biotechnol. 2011;22:388–393.




Download Date | 4/24/18 3:27 AM
